The purpose of the present note is to contribute in clarifying the relation between representation bases used in the closure for the redistribution (pressure-strain) 
Introduction
The pressure-strain (redistribution) correlation [1, 2, 3] φ i j := 2p ′ S ′ i j = φ 
"plays a pivotal role in determining the structure of a wide variety of turbulent flows" [4] . In (1) , p is the pressure, S i j := 1 2 (∂ x j u i + ∂ x i u j ) is the rate-of-strain tensor, u i are the velocity-components in the reference-frame with coordinates x i ,( ·) denotes ensemble averaging, (·) ′ denotes turbulent fluctuations, φ are the wall-echo terms near solid boundaries [5] , obtained by the free-space Green's function solution of the incompressible flow Poisson equation (linear in p ′ ) for the fluctuating pressure [5] . The most general approach to modelling φ i j in homogeneous turbulence is based on the order-4 tensors associated with the volume integrals φ (r;V) i j and φ (s;V) i j [6] , which require in particular, through obvious scaling arguments, that retained models for φ (r) i j should be linear in meanflow-velocity gradients ∂ x jū i [3] , and that φ (s) i j should not depend directly on ∂ x jū i [3] . The redistribution tensor is symmetric by definition = 2p ′ ∂ x ℓ u ′ ℓ = 0). Therefore secondmoment closures (SMCs) represent redistribution as a linear combination of deviatoric symmetric tensors [4, 6, 7] . Let = ∂ x jū i −S i j (2b)
viz the Reynolds-stress-anisotropy tensor b i j (2c) [3] , the production tensor P i j (2f) appearing in Reynolds-stress transport [4] , which can be separated (2f) in production by mean strain-rate PS i j (2d) and production by mean rotation-rate PΩ i j (2e). When homogeneous turbulence is submitted to irrotational strain PΩ i j = 0, while in case of solid-body rotation PS i j = 0. The tensor D i j (2g), which bears no particular name, appears in several early pressure-strain closures [2, 8, 9] . Naot et al. [8] attribute to Reynolds [2] its introduction in models for φ i j . By (2g), it follows that D i j can also be interpreted, indeed should be defined, as the difference of production by stain minus production by rotation.
Almost all practical models 1 for φ i j [1, 2, 3, 4, 6, 7, 8, 9, 11, 12] correspond to a linear combination of tensors in (2) and/or tensors constructed by products of tensors in (2) which are linear in the mean-velocity gradients. The particular models range from simple phenomenological representations [1, 11, 8, 2, 9] using only tensors in (2) , to more complex models making reference to irreducible representation bases [4, 6, 7] . It is well established that the most general models can be represented in a basis of 8 linearly independent tensors [6] . However, there are several possible choices of the basis-elements, and the originally established forms of different models [1, 2, 3, 4, 6, 7, 8, 9, 11, 12] use different basiselements. Although most of the models have been projected on a common basis [6] , the most complex one [13, 14] has invariably been expressed in a reducible form, including tensors which are linearly dependent [6] and can be projected on an 8-element basis [15] . To make detailed comparisons between different models, going beyond global evaluation of results against data for a given testcase, it is necessary to express the models in a common basis. The purpose of the present work is to contribute in advancing towards the answer to the questions: 1) what is the common representation basis that should be retained, 2) what is the physical significance of the basis-elements, and 3) how different modelling choices associated with different routes followed in the construction of various models can be compared.
In §2 we summarize results concerning the classical 8-element representation basis [6] , and debate on the arguments in favour of a polynomial representation basis vs a functional representation basis [4, 6] . In §3 we reinterpret the classical representation basis in terms of production by mean strain-rate PS i j (2d) and production by mean rotation-rate PΩ i j (2e), illustrating the physical significance to the 3 basis elements, which represent all quasilinear models for rapid pressure-strain [16] . In §4 we consider alternative bases built from the symmetric tensors
which under the requirement of linearity in mean-velocity gradients are symmetric in
, respectively, we show that the mean rate-of-strain tensorS i j can be explicitly projected on these bases, in which it does not appear explicitly, and discuss the advantages and drawbacks of such symmetric bases generated from tensors appearing in the transport equations for the Reynolds-stresses. In §5 we briefly note how projection of models on different bases can be made systematic using projection matrices and their inverses. Finally in §7, we illustrate, through a priori analysis of DNS data for fully developed plane channel flow, how term-by-term comparison of various models, expressed in a common basis, can be used to highlight different modelling strategies, indicating directions for future work ( §8). 1 Notice that Launder [10] has suggested to further include the advection tensor C i j := ρD t u ′ i u ′ j in the representation, but this has not become standard practice. In the case of spatially evolving stationary quasi-homogeneous turbulence,
while in DNS studies of time-evolving spatially homogeneous turbulence, C i j = ρ∂ t u ′ i u ′ j = 0, implying that the suggestion of including C i j in the representation merits further study.
Classical polynomial representation basis
Recall [17] , that every order-2 tensor A A A ∈ E 3×3 has 3 invariants, I A A A := trA A A, 3×3 is the order-2 identity tensor in the Euclidean space E 3 . With respect to b b b (2c),S S S (2a) andΩ Ω Ω (2b), the Cayley-Hamilton theorem and its extensions [17] give [4, 6] 
The most general model for φ (1) is [4, 6, 7] a linear combination of the symmetric deviatoric tensors constructed from products of b i j (2c),S i j (2a) andΩ i j (2b), which form a representation basis [18, 19] of deviatoric-symmetric-tensor-valued isotropic functions of these 3 tensors, omitting, because of the linearity requirement [3] , elements nonlinear in the mean-velocity gradients (ie terms containingS S S n 1Ω
Ω Ω n 2 with n 1 + n 2 > 1). There are 2 different approaches to constructing a basis: polynomial bases [18] and functional bases [19] . Polynomial bases [18] are formed by all products of integer powers of the generating tensors which cannot be represented as a linear combination of the basis-elements using CH-reduction, ie identities obtained from the aformentionned Cayley-Hamilton theorem and its extensions [17] , so that the representation coefficients are explicitly known polynomial (hence continuous) functions of the invariants. Functional bases [19] are potentially more compact, because they further reduce the elements of the corresponding polynomial basis by RE-reduction [20, pp. 380-382] , ie by solving appropriate linear systems [19] . As a consequence, it can only be asserted [19] that the coefficients for representing a given product between integer powers of T T T (5) to rotation-production (4e). We can therefore construct an equivalent representation basis 
T T T (n) = ∑
where the identities in (5) are obtained by direct computation from definitions (2c-2e), using the following relations between invariants, also obtained by direct computation from definitions (2)
=:I P P P (2d,2f)
where (9g) is again obtained by direct computation, using Table 5 . Matrix of coefficients a TF nm for the representation Table 6 . Matrix of coefficients a TJ nm for the representation
coefficients of a (TF) (Tab. 5) and a (TJ) (Tab. 6) which could become singular have the same denominator 27 ). Hence, the projection (10) is valid for any realizable [3] anisotropy tensor b i j , except at the 1-C point. Using the representation coefficients a (TF) 3m (Tab. 5) and a (TJ) 3m (Tab. 6), the strain-rate tensor is explicitly represented in these bases by
B B B form representation bases. Denoting c φA ∈ R 8 and c φB ∈ R 8 the representation coefficients of φ φ φ in each basis, we readily have
proving that
ie that the representation coefficients in the 2 bases are related by the transpose of the passage-matrix relating the basis-elements. We may therefore write, using the passage-
and a (TJ) ∈ R 8×8 (Tab. 6), expressing the basis-elements (4, 5, 8, 9) of any of the bases as a linear combination of the basis-elements of another basis,
c φT (13e)
6 Isotropic limit Inspection of the matrices relating different bases (Tabs. [1] [2] [3] [4] [5] [6] indicates that the model-coefficient (13a) ofS i j changes depending on the basis used, and that in the sym- (11), so that the Rotta-Crow 2 constraint [8, 9, 7, 12] can be easily represented by a linear relation between the model coefficients c φF (11a,13b) or c φJ (11b,13b) . The Rotta-Crow constraint [8, 9, 7, 12] requires that, at the limit of isotropic turbulence, the model for φ i j should recover the analytical solution lim b b b→0 φ i j = A priori term-by-term analysis of SMCs (LRR [9] , LRR-IP [9] , SSG [4] , DY [12] ) for the components of the redistribution tensor φ i j , eventually augmented by the anisotropy of dissipation (φ i j − 2ρεb ε i j := φ i j − ρ(ε (µ) i j − 2 3 ε)), with respect to DNS data [27] for the log and outer regions (y + ≥ 30) of fully developed incompressible plane channel flow at friction-Reynolds-number Re τ w = 2003 [27] .
